Let fl be a ring and M a maximal ideal of R. Then R is Noetherian if and only if every ideal contained in M is finitely generated; R is Dedekind if and only if every nonzero ideal contained in M is invertible.
Let R be a ring. It is well known that if the localizations RP are Noetherian (respectively Dedekind) at all primes P, then R need not be Noetherian (respectively Dedekind). In this note, we will show that the properties of being Noetherian or Dedekind for R have nevertheless a local nature.
Proposition
1. Let R be a ring and M a maximal ideal of R. Then, (a) R is Noetherian if (and only if) every ideal contained in M is finitely generated. The proof of this proposition will rely on the following:
Lemma. Let R be a ring. Let I, J be two ideals of R such that I + J is invertible. Then is isomorphic to 7 n J. Thus, 7 © J = (7 + 7)ffi(7n/).
From this, we get that ¡i(I) < jti(7 © J) = p((I + J) © (7 n /)) «; ju(7 + /) + ju(7 n J), hence that ju(7) -ju(7 + 7) < m(7 n /). We also get that p(I n J) ^ p((I + J) ®(I n J)) = p(I ® J) ^ p(I) + p{j).
Proof of Proposition 2. (a) If 7 £ M, we have ¡u(7) = ju(7 n M). If 7 £ M, then I + M = R and, by the lemma, we have ju(7) -1 < p(I n A7) < /x(7) + M(M). Remark 2. Proposition 1 and Proposition 2 can be easily generalized taking the intersection of a finite number of maximal ideals instead of just one. As a corollary, one obtains that if R is a quasi-local ring, then R is Noetherian (respectively Dedekind) if and only if every nonzero ideal contained in the Jacobson radical of R is finitely generated (respectively invertible).
